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Abstrakt
Tato práce zkoumá moºností °e²ení kritické síly vzp¥rné stability laminátových kompozitních
válcových sko°epin jak analytickým tak MKP p°ístupem. Analytické °e²ení je prezentováno
detailn¥ a je zpracován Matlab program pro jeho výpo£et. MKP °e²ení je provád¥no ve
dvou °e²i£ích softwaru MSC.Nastran, jsou zji²´ována vhodná nastavení t¥chto °e²i£· a jejich
chování. V²echny zp·soby °e²ení jsou na záv¥r porovnány a je navrºeno n¥kolik záv¥r·.
Klí£ová slova
vzp¥rná stabilita, kompozit, válec, analytické °e²ení, MKP, Nastran, Patran, Marc, variace,
tenkost¥nná sko°epina
Abstract
This thesis studies the possibilities of determination of the critical buckling force of laminated
composite cylindrical shells through analytical as well as through FEM approach. The ana-
lytical solution is presented in detail and a Matlab program is made to allow its calculation.
FEM solutions are done using two diﬀerent solvers of the MSC.Nastran software, the eﬀects
of diﬀerent settings of the solvers are explored as well as the general behaviour of the solvers.
All of the approaches are in the end compared and a several conclusions are proposed.
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buckling, composite, cylinder, analytical solution, FEM, Nastran, Patran, Marc, variations,
shallow shell
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Chapter 1
Introduction
1.1 Motivation
Composite materials, especially those of the laminate type, have long proven their advantages
in the aerospace engineering industry. It's mainly their direction-dependent material proper-
ties that can be altered by design of the laminate stack-up in combination with a relatively
low weight what gives them their main advantage over traditional isotropic materials. This
structural complexity also creates new computational challenges that have to be coped with.
One of the many applications of laminate composites is the cylindrical fairing of diﬀerent
parts of rockets, where the mass factor plays an important role. It has been calculated that
the use of composite technology can lead to signiﬁcant cost and mass reductions (20 % cost
reduction and 40 % mass reduction compared to steel plates according to a study considering
thrust frame fairings for the Ariane 5 rocket [1]).
Figure 1.1: Ariane 5 rocket in the Museum of Air and Space, Le Bourget, France
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As it can be easily imagined, one of the main loads that the fairing has to withstand is
the axial load during the acceleration of the rocket. With this type of load, the failure of the
structure usually occurs due to buckling rather than due to exceeding the material's yield
or strength limits. That's why buckling analyses are one of the most important parts of the
studies of cylindrical composite structures.
To study the diﬀerent factors that inﬂuence the buckling of these structures, numerous
studies have been and are being done. They're usually done either by real-life tests on test
specimen or by modelling using ﬁnite element method software. Some useful analytical meth-
ods also exist. The advantage of the FEM approach is that it is of course much cheaper, than
the fabrication and testing of real models, nevertheless, because of the highly imperfection-
sensitive nature of the buckling phenomenon, one has to be very well aware of the behaviour
of the software and models being used and its relation to the reality.
Figure 1.2: Buckling test facility [2]
The aim of this work is to, at least partially, explore the capabilities of the Patran/Nastran
software kit, in particular the SOL 106 ("non-linear static") and SOL 600 ("implicit non-
linear") solution sequences, and describe some of the factors that inﬂuence the results it can
be used to obtain. This is always done in relation to the analytical solution described in
Chapter 2, which is always used as the basic solution, to which all the other results are
compared.
11
Figure 1.3: Test specimen [2]
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1.2 Behaviour of a cylindrical composite shell under axial
load
On the Figure 1.4, we can see the typical behaviour of a cylindrical shell under axial load.
Figure 1.4: Typical buckling behaviour of a cylindrical shell [3]
When increasing the load, before the cylinder reaches the point of the snap-through, the
deformation is relatively homogeneous and its principal deformation is the one in the axial
direction. In fact, it should be completely homogeneous, if it wasn't for the geometrical and
load imperfections, which can never be completely eliminated. It should also be noted that
the slope of the curve before the snap-through is very close to linear - the diﬀerence between
the two curves on Figure 1.4 serves only to demonstrate that there is a diﬀerence between the
buckling loads calculated linear and non-linear buckling analysis, but the diﬀerence between
the two slopes is, in fact, very small. The good linearity of this curve can be also seen on
Figure 1.5, which shows curves obtained by testing 10 specimen of the cylinder Z15U500.
After the snap-through, the direction of the curve depends on whether the load is load
controlled or displacement controlled. If it is load controlled, the snap-through is followed
by a rapid increase of displacement. If it is displacement controlled, it is followed by a quick
drop of the axial load force.
The position of the snap-through point can depend strongly on imperfections in the
structure, which can lower the critical load signiﬁcantly. This is due to the nature of the post-
buckling modes, that require only a little bending energy in order to be reached. Imperfections
then function as a trigger to this buckling. A brief overview on the possibilities how to
consider and take into account all diﬀerent kinds of imperfections and also a thorough study
of the eﬀect of stimulated geometrical imperfections by the single force perturbation method
is available in [3]. In this thesis, only models with perfect geometry and perfect load will be
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considered.
Figure 1.5 shows load-shortening of several Z15U300 cylinders that were tested in a
European Space Agency study, where the shape of the cylinders was being simultaneously
recorded during the load test. Three signiﬁcant shapes of the cylinder are can be seen in
the ﬁgure. Firstly, usually up to 50 % of the initial loading curve, the deformation is more
or less homogeneous - there is a slight deformation in the normal direction, but it is very
small. After that, more signiﬁcant deformations start to form. Although this is not a rule,
they're very often in the form of diagonal waves, as seen in the ﬁgure. After reaching the
snap-through point the deformation changes rapidly into the post-buckling mode. The post-
buckling mode is always a combination of axial and circumferential waves, the number of
each of which depends on the type of the cylinder. Although the results described come from
a real test, the deformation shapes that are very similar are can usually obtained by FEM
simulation.
Figure 1.5: Load-shortening curves of tested cylinders [2]
1.3 Cylinders used in this thesis
The cylinders used in this work come from [2], [3] and [6]. The Z26 was used because
cylinders with the same stacking was used in [2] and because the load - displacement curve
from calculated in Abaqus was available, so it was possible to compare and see if the results
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are somewhat similar. The Z30 was chosen to have a 10-ply cylinder (as compared to the
Z26 which is 4-ply) and because according to [3] it has the optimum buckling load in between
the 10 ply balanced laminate cylinders. Au contraire to that, the Z32 has been designed as
a pessimum, i.e. the one with the lowest buckling load among the 10 ply balanced laminate
cylinders [6]. These choices were made in order to try to achieve a wide range of diﬀerent
properties.
Here are all the laminate stackings and material properties for the cylinders used in this
work:
Z26 Z30_m
L [mm] 500 500
R [mm] 250 250
Stacking (inner to outer ply) [24,-24,41,-41] [30,-30,90,90,22,-22,38,-38,53,-53]
EL[MPa] 157 363 157 363
ET [MPa] 10 095 10 095
µLT [-] 0.277 0.277
GLT [MPa] 5321 5321
GLT ′ [MPa] 5321 5321
GTT ′ [MPa] 4000 4000
Z32_m
L [mm] 500
R [mm] 250
Stacking (inner to outer ply) [-51,51,-45,45,-37,37,-19,19,0,0]
EL[MPa] 157 363
ET [MPa] 10 095
µLT [-] 0.277
GLT [MPa] 5321
GLT ′ [MPa] 5321
GTT ′ [MPa] 4000
Table 1.1: Laminate stackings and material properties of the cylinders used
It must be noted that some or all of the necessary material properties for Z30 and Z32
were not available in [3] and [6], that's why the properties from Z26 were used. This is also
the reason why the two cylinders are called Z30_m and Z32_m in this work, as their material
properties probably don't exactly correspond to those in the sources.
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Chapter 2
Analytical solution
The analytical solution described here can be used to ﬁnd the critical buckling load of a thin
orthotropic cylindrical shell subjected to axial compression.
It is based on a solution presented by Geier & Singh in [4]. It is limited to shallow shell
theory, i.e. transverse shear forces are not considered, as are neither rotations of lines normal
to the reference surface. The only load considered is the axial load. It should be noted that
in [4], Geier & Singh also include a solution for deep shell theory, considering also a possible
load by pressure inside the cylinder and elasticity of the foundations in which the cylinder is
ﬁxed. They also include a solution for panels. This leads to a much more complex problem,
though, and was not found necessary in the scope of this work
Some of the steps required to obtain the solution are explained in more detail than in
[4], so that the solution is hopefully easier to understand and to follow. At the end of this
chapter, a MATLAB program is presented that can be used to obtain the ﬁnal result - the
buckling load.
2.1 Kinematic relations
Let's consider a laminated cylindrical shell, where the x-axis is in the direction of the axis
of the cylinder, the y-axis is tangential to the reference surface - along the circumferential
direction and the z-axis is in the direction of the normal of the reference surface, positive
towards the inside of the cylinder. See Figure 2.1.
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Figure 2.1: Reference surface, axes, dimensions
The kinematic relations for such cylinder can be written
εx =
∂u
∂x
+
1
2
(
∂w
∂x
)2
εy =
∂v
∂y
− w
R
+
1
2
(
∂w
∂y
)2
γxy =
∂u
∂y
+
∂v
∂x
+
∂w
∂x
∂w
∂y
κx =
∂2w
∂x2
κy =
∂2w
∂y2
κxy = 2
∂2w
∂x∂y

(2.1)
where
u, v, w . . . displacement in x, y and z direction
εx, εy, γxy . . . reference surface normal strains, shearing strain
κx, κy, κxy . . . changes of normal curvature, twisting
It is considered here that the sections perpendicular to the reference surface stay plane
and perpendicular to the reference surface even in the deformed state. Therefore the rotations
of lines normal to the reference surface, usually denoted θxand θy, are equal to zero. Also, it
is considered that the strain is small, i.e. εx, εy and γxy can be neglected compared to 1.
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2.2 Constitutive law
The classical lamination theory [5] provides us with the following constitutive law:{
N
M
}
=
[
A B
B D
]{
ε
κ
}
(2.2)
where
N =
 NxNy
Nxy
 . . . stress resultants
M =
 MxMy
Mxy
 . . . stress couples
ε =
 εxεy
γxy
 . . . reference surface strains
κ =
 κxκy
κxy
 . . . changes of curvature, twisting
A, B, D . . .
extensional, bending-extension coupling
and bending stiﬀnes matrices
For a laminate of N plies, the matrices A, B and D are deﬁned as [6, 5]
A =
N∑
k=1
C¯k(zk − zk−1)
B = −1
2
N∑
k=1
C¯k(z
2
k − z2k−1)
D =
1
3
N∑
k=1
C¯k(z
3
k − z3k−1)

(2.3)
where z = 0 at the reference surface, which is in the centre of the laminate's thickness. Ck
is the directional stiﬀness matrix of a unidirectional ply (i.e. σk = Ckεk for each ply, in the
main x,y coordinate system established earlier). This matrix can be obtained in function of
the material properties [5] by the following procedure.
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2.2.1 Single ply stiﬀness matrix in main coordinates
First, let's establish the equation of the Hooke's law with the compliance matrix in the
material coordinates:
 εLεT
γLT
 =

1
EL
− µLT
EL
0
− µLT
EL
1
ET
0
0 0
1
GLT

︸ ︷︷ ︸
Sm
 σLσT
τLT

where the L and T indexes denote the longitudinal and transversal property, respectively.
The 'm' index here is to indicate that the tensors are in the material coordinates. This
equation can be also written in the inverse form: σLσT
τLT
 = [Cm]
 εLεT
γLT
 (2.4)
where
Cm = S
−1
m
This matrix can be rotated into any desired coordinates using the rotational matrix T and
the transformational matrix R
T =
 cos
2 ϕ sin2 ϕ 2 sinϕ cosϕ
sin2 ϕ cos2 ϕ −2 sinϕ cosϕ
− sinϕ cosϕ sinϕ cosϕ cos2 ϕ− sin2 ϕ
 , R =
 1 0 00 1 0
0 0 2

where ϕ is the angle by which we want to rotate the original coordinate system. It can be
shown that  σLσT
τLT
 = [T]
 σxσy
τxy
 and

εL
εT
γLT
2
=[T]

εx
εy
γxy
2

(note that the previous equation for the rotation of the strain tensor only works if the 3rd
element is
γxy
2
, not γxy).
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Therefore the equation (2.4) can be written in the form:
[T]
 σxσy
τxy
 = [Cm][R][T]

εx
εy
γxy
2
 = [Cm][R][T][R]−1
 εxεy
γxy

from which we get  σxσy
τxy
 = [T]−1[Cm][R][T][R]−1︸ ︷︷ ︸
C
 εxεy
γxy
 (2.5)
where C is the stiﬀness matrix for the ply oriented in the desired coordinates.
Now we, if we know the orientation of the plies in our laminate and the material properties,
we can calculate the matrices A, B and D. In this solution, we assume the laminates to have
strictly orthotropic behaviour. To comply with this condition, we must set the according
elements of the matrices A, B and D to zero, as they are non-zero by deﬁnition.
A13 = A23 = A31 = A32 = 0
B13 = B23 = B31 = B32 = 0
C13 = C23 = C31 = C32 = 0
2.3 Equilibrium conditions
We can now establish the equilibrium conditions by the principle of virtual work. The
negative virtual work which is equivalent to the ﬁrst variation of the strain energy is:
− δWi = δU =
ˆ
A
Nxδεx +Nyδεy +Nxyδγxy +Mxδκx +Myδκy +Mxyδκxy dA (2.6)
where A is the area of the reference surface. The virtual work of the external load is:
δWe =
piRˆ
−piR
Nˆxδu(L, y)− Nˆxδu(0, y) dy (2.7)
where Nˆx is the applied load per unit of circumferential length. In order to obtain the
equilibrium equations, we must exploit the stationarity condition
δU − δWe = 0 (2.8)
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First, the terms of strain and change of curvature have to be expressed in terms of u, v and
w using the kinematic relations (2.1). This gives us
ˆ
A
Nxδ∂u
∂x
+Nx
1
2
δ
(
∂w
∂x
)2
+Nyδ
∂v
∂y
−Nyδ
w
R
+Ny
1
2
δ
(
∂w
∂y
)2
+Nxyδ
∂u
∂y
+ (2.9)
+Nxyδ
∂v
∂x
+Nxyδ
(
∂w
∂x
∂w
∂y
)
+Mxδ
∂2w
∂x2
+Myδ
∂2w
∂y2
+Mxy · 2δ
∂2w
∂x∂y
)
dA−
−
piRˆ
−piR
(
Nˆxδu(L, y)− Nˆxδu(0, y)
)
dy = 0
Let us ﬁrst exploit the members of the equation that depend on u:
ˆ
A
(
Nxδ
∂u
∂x
+Nxyδ
∂u
∂y
)
dA−
piRˆ
−piR
(
Nˆxδu(L, y)− Nˆxδu(0, y)
)
dy =
=
ˆ
A
(
Nx
∂δu
∂x
+Nxy
∂δu
∂y
)
dA−
piRˆ
−piR
(
Nˆxδu(L, y)− Nˆxδu(0, y)
)
dy
Using integration by parts, the ﬁrst integral can be expressed as:
ˆ
A
(
∂
∂x
(Nxδu)−
∂Nx
∂x
δu+
∂
∂y
(Nxyδu)−
∂Nxy
∂y
δu
)
dA
With the help of the Gauss-Ostrogradsky theorem, the ﬁrst and the third members can be
written using an integral over the area's boundary, denoted Γ:
ˆ
Γ
(Nxδu nx) ds+
ˆ
A
(
− ∂Nx
∂x
δu
)
dA+
ˆ
Γ
(Nxyδu ny) ds+
ˆ
A
(
− ∂Nxy
∂y
δu
)
dA
which gives us, for the members that depend on u:
ˆ
A
(
−∂Nx
∂x
− ∂Nxy
∂y
)
δu dA+
ˆ
Γ
(
Nxnx +Nxyny − Nˆxnx
)
δu ds
Let's exploit the v- and w-dependent members of (2.9) in a similar fashion. First, the
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v-dependent members:
ˆ
A
(
Nyδ
∂v
∂y
+Nxyδ
∂v
∂x
)
dA =
ˆ
A
(
Ny
∂δv
∂y
+Nxy
∂δv
∂x
)
dA =
=
ˆ
A
(
∂
∂y
(Nyδv)−
∂Ny
∂y
δv +
∂
∂x
(Nxyδv)−
∂Nxy
∂x
δv
)
dA =
=
ˆ
A
(
− ∂Ny
∂y
− ∂Nxy
∂x
)
δv dA+
ˆ
Γ
(Nyny +Nxynx) δv ds
And, ﬁnally, the members that depend on w:
ˆ
A
Nx1
2
δ
(
∂w
∂x
)2
−Nyδ
w
R
+Ny
1
2
δ
(
∂w
∂y
)2
+Nxyδ
(
∂w
∂x
∂w
∂y
)
+
+Mxδ
∂2w
∂x2
+Myδ
∂2w
∂y2
+Mxy · 2δ
∂2w
∂x∂y
)
dA
ˆ
A
Nx1
2
δ
(
∂w
∂x
)2 dA = ˆ
A
(
Nx
1
2
· 2 · ∂w
∂x
δ
(
∂w
∂x
))
dA =
ˆ
A
(
Nx
1
2
· 2 · ∂w
∂x
∂δw
∂x
)
dA =
=
ˆ
A
(
∂
∂x
(Nxδw)
∂w
∂x
− ∂Nx
∂x
δw
∂w
∂x
)
dA =
=
ˆ
A
(
∂
∂x
(
Nxδw
∂w
∂x
)
−Nxδw
∂2w
∂x2
− ∂Nx
∂x
δw
∂w
∂x
)
dA =
=
ˆ
A
(
−Nx
∂2w
∂x2
− ∂Nx
∂x
∂w
∂x
)
δw dA+
ˆ
Γ
(
Nx
∂w
∂x
nx
)
δw ds
similarly
ˆ
A
Ny 1
2
δ
(
∂w
∂y
)2 dA = . . . = ˆ
A
(
−Ny
∂2w
∂y2
− ∂Ny
∂y
∂w
∂y
)
δw dA+
ˆ
Γ
(
Ny
∂w
∂y
ny
)
δw ds
ˆ
A
(
Nxyδ
(
∂w
∂x
∂w
∂y
))
dA =
ˆ
A
(
Nxy
∂δw
∂x
∂w
∂y
+Nxy
∂w
∂x
∂δw
∂y
)
dA
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Taking the ﬁrst part of that integral:
ˆ
A
(
Nxy
∂δw
∂x
∂w
∂y
)
dA =
ˆ
A
(
∂
∂x
(Nxyδw)
∂w
∂y
− ∂Nxy
∂x
δw
∂w
∂y
)
dA =
=
ˆ
A
(
∂
∂x
(
Nxyδw
∂w
∂y
)
−Nxyδw
∂2w
∂x∂y
− ∂Nxy
∂x
∂w
∂y
δw
)
dA =
=
ˆ
A
(
−Nxy
∂2w
∂x∂y
− ∂Nxy
∂x
∂w
∂y
)
δw dA+
ˆ
Γ
(
Nxy
∂w
∂y
nx
)
δw ds
similarly for the second part:
ˆ
A
(
Nxy
∂w
∂x
∂δw
∂y
)
dA = . . . =
ˆ
A
(
−Nxy
∂2w
∂x∂y
− ∂Nxy
∂y
∂w
∂x
)
δw dA+
ˆ
Γ
(
Nxy
∂w
∂x
ny
)
δw ds
therefore:
ˆ
A
(
Nxyδ
(
∂w
∂x
∂w
∂y
))
dA = ... =
=
ˆ
A
(
−2 ·Nxy
∂2w
∂x∂y
− ∂Nxy
∂x
∂w
∂y
− ∂Nxy
∂y
∂w
∂x
)
δw dA+
ˆ
Γ
(
Nxy
∂w
∂y
nx +Nxy
∂w
∂x
ny
)
δw ds
ˆ
A
(
Mxδ
∂2w
∂x2
)
dA =
ˆ
A
(
Mx
∂2δw
∂x2
)
dA =
ˆ
A
(
∂
∂x
(
Mx
∂δw
∂x
)
− ∂Mx
∂x
∂δw
∂x
)
dA =
=
ˆ
A
(
∂
∂x
(
Mx
∂δw
∂x
)
− ∂
∂x
(
∂Mx
∂x
δw
)
+
∂2Mx
∂x2
δw
)
dA =
=
ˆ
A
(
∂2Mx
∂x2
)
δw dA+
ˆ
Γ
(
∂Mx
∂x
nx
)
δw ds+
ˆ
Γ
(Mxnx)
∂δw
∂x
ds
similarly
ˆ
A
(
Myδ
∂2w
∂y2
)
dA = ... =
ˆ
A
(
∂2My
∂y2
)
δw dA+
ˆ
Γ
(
∂My
∂y
ny
)
δw ds+
ˆ
Γ
(Myny)
∂δw
∂y
ds
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ˆA
(
Mxyδ2·
∂2w
∂x∂y
)
dA =
ˆ
A
(
Mxy·
∂2δw
∂x∂y
)
dA+
ˆ
A
(
Mxy·
∂2δw
∂x∂y
)
dA
The integral
´
A
(
Mxy·
∂2δw
∂x∂y
)
dA can be exploited in two diﬀerent ways:
ˆ
A
(
Mxy·
∂2δw
∂x∂y
)
dA =
ˆ
A
(
∂
∂x
(
Mxy
∂δw
∂y
)
− ∂Mxy
∂x
∂δw
∂y
)
dA =
=
ˆ
Γ
(
Mxy
∂δw
∂y
nx
)
ds−
ˆ
A
(
∂
∂y
(
∂Mxy
∂x
δw
)
− ∂
2Mxy
∂x∂y
δw
)
dA =
=
ˆ
A
(
∂2Mxy
∂x∂y
)
δw dA+
ˆ
Γ
(
− ∂Mxy
∂x
ny
)
δw ds+
ˆ
Γ
(Mxynx)
∂δw
∂y
ds
as well as
ˆ
A
(
Mxy·
∂2δw
∂x∂y
)
dA = ...=
ˆ
A
(
∂2Mxy
∂x∂y
)
δw dA+
ˆ
Γ
(
− ∂Mxy
∂y
nx
)
δw ds+
ˆ
Γ
(Mxyny)
∂δw
∂x
ds
therefore
ˆ
A
(
Mxyδ2·
∂2w
∂x∂y
)
dA = ... =
=
ˆ
A
(
2 · ∂
2Mxy
∂x∂y
)
δw dA+
ˆ
Γ
(
− ∂Mxy
∂x
ny −
∂Mxy
∂x
ny
)
δw ds+
+
ˆ
Γ
(Mxynx)
∂δw
∂y
ds+
ˆ
Γ
(Mxyny)
∂δw
∂x
ds
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The modiﬁed expression for the virtual work can now ﬁnally be written.
ˆ
A
(
−∂Nx
∂x
− ∂Nxy
∂y
)
δu+
(
− ∂Ny
∂y
− ∂Nxy
∂x
)
δv +
(
−Nx
∂2w
∂x2
− ∂Nx
∂x
∂w
∂x
− Ny
R
−Ny
∂2w
∂y2
−
−∂Ny
∂y
∂w
∂y
− ∂Nxy
∂x
∂w
∂y
− ∂Nxy
∂y
∂w
∂x
− 2 ·Nxy
∂2w
∂x∂y
+
∂2Mx
∂x2
+
∂2My
∂y2
+ 2 · ∂
2Mxy
∂x∂y
)
δw dA+
+
ˆ
Γ
(
Nxnx +Nxyny − Nˆxnx
)
δu+ (Nyny +Nxynx) δv +
(
Nx
∂w
∂x
nx +Ny
∂w
∂y
ny +Nxy
∂w
∂y
nx+
(2.10)
+Nxy
∂w
∂x
ny +
∂Mx
∂x
nx −
∂Mx
∂y
ny −
∂Mxy
∂x
ny −
∂Mxy
∂y
nx
)
δw + (Mxnx +Mxyny)
∂δw
∂x
+
+ (Myny +Mxynx)
∂δw
∂y
ds = 0
We can now clearly see, that in order for this equation to be satisﬁed, these three following
Euler equations have to be satisﬁed:
−∂Nx
∂x
− ∂Nxy
∂y
= 0 (2.11)
− ∂Ny
∂y
− ∂Nxy
∂x
= 0 (2.12)
∂2Mx
∂x2
+
∂2My
∂y2
+ 2 · ∂
2Mxy
∂x∂y
− Ny
R
−Nx
∂2w
∂x2
− 2 ·Nxy
∂2w
∂x∂y
−Ny
∂2w
∂y2
− ∂Nx
∂x
∂w
∂x
− ∂Nxy
∂y
∂w
∂x
−
−∂Ny
∂y
∂w
∂y
− ∂Nxy
∂x
∂w
∂y
= 0 (2.13)
furthermore, at the top and bottom boundary of the cylinder (at x=0 and x=L) the following
conditions have to be satisﬁed:
δu = 0
or
Nx − Nˆx = 0
 (2.14)
δv = 0
or
Nxy = 0
 (2.15)
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δw = 0
or
Nx
∂w
∂x
+Nxy
∂w
∂y
− ∂Mx
∂x
− ∂Mxy
∂y
= 0
 (2.16)
δ
(
∂w
∂x
)
= 0
or
Mx = 0
 (2.17)
δ(
∂w
∂y
) = 0
or
Mxy = 0
 (2.18)
2.4 The uniform fundamental state
A simple solution of the equations (2.11)-(2.18) is the uniform fundamental (pre-buckling)
state.
Nx = N¯x = Nˆx, Ny = N¯y = 0, Nxy = N¯xy = 0
Mx = M¯x = 0, My = M¯y = 0, Mxy = M¯xy = 0
u = u¯ = xε¯x, v = v¯ = 0, w = w¯ = 0
κx = 0, κy = 0, κxy = 0
 (2.19)
2.5 Bifurcation from the fundamental state
We're interested in solutions branching from the fundamental state (2.19), and especially
for the load under which such bifurcation can occur. To obtain the equations governing the
bifurcation, the displacements, stresses and stress couples in the equations (2.11)-(2.18) have
to be substituted in the way that:
u = u¯+ u∗, v = v¯ + v∗, ...
Nx = N¯x +N
∗
x , ...
}
(2.20)
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This gives us, for the equation (2.11)
− ∂
∂x
(
N¯x +N
∗
x
)− ∂
∂y
(
N¯xy +N
∗
xy
)
= 0
but N¯x doesn't vary with x and N¯xy = 0, therefore the equation reduces to
−∂N
∗
x
∂x
− ∂N
∗
xy
∂y
= 0 (2.21)
Very similarly (becauseN¯xy = 0 and N¯y = 0), from (2.12) we obtain
−∂N
∗
y
∂y
− ∂N
∗
xy
∂x
= 0 (2.22)
The modiﬁcation of the equation (2.13) after the substitution is slightly more complicated.
Firstly, let us suppose that the increments N∗x , N
∗
y , ... are non-zero, but very small. Taking
this into consideration, we can drop all products of these increments in the resulting equations.
This way, from the members
−Nx
∂2w
∂x2
− 2 ·Nxy
∂2w
∂x∂y
−Ny
∂2w
∂y2
we only get
−N¯x
∂2(w¯ + w∗)
∂x2
because of the small increments and because N¯xy and N¯y are zero. We can also drop the
member with
∂2w¯
∂x2
, because w¯ = 0. This way we get only
−N¯x
∂2w∗
∂x2
Furthermore, let's consider a term such as
−∂Nx
∂x
∂w
∂x
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After the substitution, this becomes
∂
∂x
(
N¯x +N
∗
x
) · ∂
∂x
(w¯ + w∗) =
=
∂N¯x
∂x
∂w¯
∂x
+
∂N¯x
∂x
∂w∗
∂x
+
∂N∗x
∂x
∂w¯
∂x
+
∂N∗x
∂x
∂w∗
∂x
but
∂N¯x
∂x
= 0 and w¯ = 0, which makes the ﬁrst three members disappear. Taking a look at
the fourth member, we can assume that both
∂N∗x
∂x
and
∂w∗
∂x
are non-zero, but small compared
to unity. This makes their product very small and it can be neglected. This can also be done
for all the remaining members - −∂Ny
∂y
∂w
∂y
, −∂Nxy
∂x
∂w
∂y
and −∂Nxy
∂y
∂w
∂x
.
This way the equation (2.13) becomes:
∂2M∗x
∂x2
+
∂2M∗y
∂y2
+ 2 · ∂
2M∗xy
∂x∂y
− N
∗
y
R
− N¯x
∂2w∗
∂x2
= 0 (2.23)
We also have to substitute the expressions (2.20) into the boundary conditions (2.14)-(2.18).
In this step, we are also already going to choose those boundary conditions, that correspond
to the case of a simply supported cylinder.
By doing that, we obtain, for x = 0 and x = L:
N¯x +N
∗
x − Nˆx = 0
but N¯x = Nˆx, therefore
N∗x = 0
Put together with the remaining conditions:
N∗x = 0
v∗ = 0
w∗ = 0
M∗x = 0(
∂w∗
∂y
= 0
)

(2.24)
where the last condition (
∂w∗
∂y
= 0) can be omitted as it is already contained in w∗ = 0.
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2.6 Expression in terms of u*,v*,w*
The equations (2.21)-(2.24) can be expressed in terms of increments of displacement u∗, v∗, w∗
by applying the constitutive law (2.2) modiﬁed for the increments of strain and curvature:{
N∗
M∗
}
=
[
A B
B D
]{
ε∗
κ∗
}
where
ε∗x =
∂u∗
∂x
ε∗y =
∂v∗
∂y
− w
∗
R
γ∗xy =
∂u∗
∂y
+
∂v∗
∂x
κ∗x =
∂2w∗
∂x2
κ∗y =
∂2w∗
∂y2
κ∗xy = 2
∂2w∗
∂x∂y

Note that the members
1
2
(
∂w∗
∂x
)2
,
1
2
(
∂w∗
∂y
)2
and
∂w∗
∂x
∂w∗
∂y
from the original kinematic
relations were omitted, as they're either the square or a multiplication of two values very
small compared to unity, which makes them negligible. After application of the modiﬁed
constitutive law, we obtain the following system of diﬀerential equations1:
A11
∂2u∗
∂x2
+ A12
(
∂2v∗
∂x∂y
− 1
R
∂w∗
∂x
)
+B11
∂3w∗
∂x3
+B12
∂3w∗
∂x∂y2
+ A33
(
∂2u∗
∂y2
+
∂2v∗
∂x∂y
)
(2.25)
+2 ·B33
∂3w∗
∂x∂y2
= 0
A33
(
∂2u∗
∂x∂y
+
∂2v∗
∂x2
)
+ 2 ·B33
∂3w∗
∂x2∂y
+ A21
∂2u∗
∂x∂y
+ A22
(
∂2v∗
∂y2
− 1
R
∂w∗
∂y
)
+B21
∂3w∗
∂x2∂y
+B22
∂3w∗
∂y3
= 0 (2.26)
1The exact steps can be seen in the Maple worksheet ﬁle analytics_shallowshell_symbolic.mws, attached
to this thesis.
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B11
∂3u∗
∂x3
+B12
(
∂3v∗
∂x2∂y
− 1
R
∂2w∗
∂x2
)
+D11
∂4w∗
∂x4
+D12
∂4w∗
∂x2∂y2
+ 2 ·B33
(
∂3u∗
∂x∂y2
+
∂3v∗
∂x2∂y
)
+
+4 ·D33
∂4w∗
∂x2∂y2
+B21
∂3u∗
∂x∂y2
+B22
(
∂3v∗
∂y3
− 1
R
∂2w∗
∂y2
)
+D21
∂4w∗
∂x2∂y2
+D22
∂4w∗
∂y4
− (2.27)
− 1
R
(
A21
∂u∗
∂x
+ A22
(
∂v∗
∂y
− w
∗
R
)
+B21
∂2w∗
∂x2
+B22
∂2w∗
∂y2
)
− N¯x
∂2w∗
∂x2
= 0
and for x = 0 and x = L (boundary conditions):
A11
∂u∗
∂x
+ A12
(
∂v∗
∂y
− w
∗
R
)
+B11
∂2w∗
∂x2
+B12
∂2w∗
∂y2
= 0
v∗ = 0
w∗ = 0
B11
∂u∗
∂x
+B12
(
∂v∗
∂y
− w
∗
R
)
+D11
∂2w∗
∂x2
+D12
∂2w∗
∂y2
= 0

(2.28)
2.7 Solution
The equations (2.25)-(2.26) and the boundary conditions (2.27) admit a close-form solution.
The functions that satisfy these are:
u∗ = A cos βx cos ηy
v∗ = B sin βx sin ηy
w∗ = C sin βx cos ηy

where
β =
mpi
L
η =
n
R

Variables m and n are integers that indicate the buckling mode of the cylinder. The integer
m designates the number of half-waves along the length L of the cylinder and n designates the
number of complete waves around the circumference. This corresponds well to the buckling
modes of real cylinders, as there also always is a combination of several waves/half-waves
along the length and along the circumference of the cylinder.
If we substitute the proposed solution in the diﬀerential equations (2.25)-(2.27), we obtain
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the following system of equations2:
[(
A11β
2 + A33η
2
)
A+ (−A33βη − A12βη)B+
+
(
B12βη
2 + 2 ·B33βη2 +B11β3 + A12β
1
R
)
C
]
· cos βx cos ηy = 0
[
(A33βη + A21βη)A+
(−A22η2 − A33β2)B+
+
(
B21β
2η + 2 ·B33β2η +B22η3 + A22η
1
R
)
C
]
· sin βx sin ηy = 0
[(
B11β
3 + 2 ·B33βη2 +B21βη2 + A21β
1
R
)
A+
(
−B12β2η − 2 ·B33β2η −B22η3 − A22η
1
R
)
B+(
D11β
4 +D12β
2η2 + 4 ·D33β2η2 +D22η4 +D21β2η2 +
1
R
(
B21β
2 +B12β
2 + 2 ·B22η2
)
+
+
1
R2
A22 + N¯xβ
2
)
C
]
· sin βx cos ηy = 0
Of course the multiplications by the goniometrical functions can be eliminated. We then end
up with a simple homogeneous system of algebraic equations, which can be written in the
matrix form:
[K + G(N¯x)]∆ = 0 (2.29)
where ∆ is an array of the amplitudes:
∆ = [AB C]T
There still is one unknown in the matrix [K + G(N¯x)] . We're interested in ﬁnding such
matrix [K + G(N¯x)], for which there exists a non-trivial solution of (2.29), i.e. a solution
where∆ 6= 0. If we substitute a basic loadN0 (for example with a unity value) positive in
compression into the matrix G, we can then reformulate the problem such as
[K− λG(N0)]∆ = 0
2See attached Maple worksheet ﬁle analytics_shallowshell.mws to see the exact steps through which these
equations were obtained.
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and
N¯x = −λN0
This is a generalized eigenvalue problem, that can be easily solved numerically.
It should be noted that as only one element of the matrix G is occupied, the problem could
be also reformulated into a single equation to directly determine the value of λ. Nevertheless,
as the solution of the eigenvalue problem can be done by a single command in software such
as MATLAB, it's easier to ﬁnd the solution this way than to do the extra calculus in hand.
We can now ﬁnally determine the value of the critical load at which the bifurcation occurs
for a buckling mode deﬁned by m and n. It is now only necessary to vary these two integers
to ﬁnd the buckling mode with the lowest load necessary for the bifurcation to occur, as it
is this one through which the buckling will go through.
2.8 Matlab program
Based on the solution described, a simple MATLAB program was written in order to calculate
the critical loads. There are several functions:
 [ C_main]= s t i f f n e s s_mat r i x (E_L,E_T,mu_LT,G_LT, phi )
This function takes for arguments the material properties of the composite material
(in material directions) and the angle of the ﬁbres in a ply. It uses it to calculate the
directional stiﬀness matrix of the ply, implementing the procedure described in 2.2.1.
 [A,B,D]= st i f fne s s_matr ix_laminate (E_L,E_T,mu_LT,G_LT, stack ing , th i c kne s s )
This function takes for arguments the material properties, ply stacking directions of the
laminate and thickness of one ply and calculates the extensional, bending extension-
coupling and bending stiﬀness matrices A,B,D.
 [ N_lin , N_tot ,m, n]=buckl ing_load_eigval (A,B,D,L ,R)
This function calculates the buckling load of a laminated axially compressed cylinder.
It takes for arguments the laminate's stiﬀness matrices A,B,D and its length L and
radius R. It outputs the buckling force per unit of circumference N_lin, the total load
force N_tot, and the buckling mode described by m and n. It implements the solution
exactly as described in the previous chapter - the buckling load is determined through
the solution of the eigenvalue problem.
 [ N_lin , N_tot ,m, n]=buckling_load_simple (A,B,D,L ,R)
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This function calculates the same results as buckling_load_eigval, but uses a diﬀerent
way to calculate the result. It uses a solution described in [6], where the buckling force
is expressed as a single formula dependent on A,B,D,L,R and m,n.
The calculate_load.m ﬁle is used simply to call these functions as needed and to display
the results. It contains the input properties for diﬀerents types of cylinders that have been
calculated.
All of these ﬁles are available as attachments to this thesis.
2.9 Results
The presented solution gives the following results for the cylinders described in 1.3:
cylinder buckling load [N]
Z26 30 888
Z30_m 357 247
Z32_m 99 758
Table 2.1: Analytical results - critical loads for Z26, Z30_m and Z32_m
For most of the FEM analyses that have been carried out further on, the FEM results
are compared to these analytical values.
It also proves useful to use these results to calculate the critical displacement at which
buckling occurs. This can be done easily if we know the eﬀective Young's modulus in the
axial direction Ex. Here it was determined by Patran's Laminate Builder Tool utility, but
an analytical expression could also be derived. The critical displacement then is
ucrit, anal =
σx
Ex
· L = Nanal
2piRtEx
· L
with R being the radius of the cylinder, L its length and t laminate thickness. For the
cylinders above, we can get the following results:
cylinder Ex[MPa] ucrit, anal[mm]
Z26 54024.6 0.364
Z30_m 54726.8 1.517
Z32_m 68689.8 0.371
Table 2.2: Analytical results - critical displacements for Z26, Z30_m and Z32_m
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2.10 Clamped boundary conditions
The solution here is derived for a simply supported cylinder. However, in reality and also in
FEM calculations the cylinders are always clamped at both the top and the bottom ends. It
believed that this diﬀerence may cause the eﬀect that for certain types of laminate, the ratio
between the buckling load calculated by the analytical method and by FEM is signiﬁcantly
diﬀerent than for others [7].
That's why one of the initial desires for this work was to try to modify the solution to
include the clamped boundary conditions. It would mean that the following conditions would
have to be satisﬁed at x = 0 and x = L:
Nx − Nˆx = 0
v = 0
w = 0
∂w
∂x
= 0
∂w
∂y
= 0

Unfortunately, there was no success in ﬁnding a suitable solution, that would satisfy these
conditions.
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Chapter 3
Solution by FEM in Pastran/Nastran
The second part of this work focuses on the possibilities of determining the buckling load by
ﬁnite element method analysis. So far, Abaqus has been one of the tools used most frequently
in Europe [7, 3], providing the best experiences. NASA has been known to use their own
proprietary software, written specially for buckling analyses.
The task here was to partially discover the options of the Patran/Nastran environment,
which are available at the Institute of Aerospace Engineering at Brno University of Technology
and have been known to be capable of being used for buckling analysis, but there was very
little expertise with them for this type of analysis.
The Nastran solution sequences that were studied were SOL 106 (non-linear static) a SOL
600 (implicit non-linear).
3.1 Geometrical model, mesh
The geometrical model used here is a perfect cylinder. The coordinate system is chosen in
the way that the x axis is coincident with the axis of the cylinder. The surface of the cylinder
was meshed with CQUAD4 and CTRIA3 elements. These elements do support non-linear
analysis and they consider transverse shear to be always linear [9].
3.1.1 Rigid Body Element 2 (RBE2)
There are 2 extra nodes outside of the cylinder's surface. They're positioned in the centres
of the top and bottom base of the cylinder.
A Multi-Point Constraint of the type RBE2 (Rigid Body Element) has been used to
connect the degrees of freedom of these nodes to the nodes at the top and bottom edges of
the cylinder. The way the RBE2 functions, is that it imposes the degrees of freedom of one
independent node onto several other dependent nodes.
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This way, the load can be applied on the central nodes only and it is directly copied
onto all of the nodes at the boundary. Also, this ensures that the nodes at the boundary
always stay in one plane.
Figure 3.1: RBE2 Multi-Point Constraint
Figure 3.2: RBE2 settings
The top central node is also the place where, after obtaining the results of the simulation,
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the resultant force is read.
3.2 Material properties, laminate
The material properties were entered through the standard Patran's Materials card. First a
2D orthotropic material was deﬁned.
Figure 3.3: 2D orthotropic material input
Then this material was used to deﬁne the laminate.
Figure 3.4: Laminate material input
This material was then applied on all of the surface elements.
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3.3 Solution by load increments
As our primary goal is to ﬁnd the critical load, at which buckling occurs, we must proceed
with the solution by dividing it into several load increments, and to realize the solution step-
by-step. This means that at end of each load increment the deformed state is calculated,
and this is used to depart for the subsequent load increment and so forth.
In non-linear analysis, because the stiﬀness matrix K is expected to change with changes
of the system's geometry, the equilibrium state has to be reached iteratively. This is usually
done by the Newton-Raphson method, or some of its modiﬁcations. See Figure 3.5 for the
general principle on how the iterations work.
Figure 3.5: General iterative process of an implicit analysis
Several criteria can be checked - error in displacement, error in load and error in work.
Also, the system's stiﬀness matrix K can either be updated at each iteration (Full Newton-
Raphson), or only in the ﬁrst recurring iteration or every certain number of iterations (Mod-
iﬁed Newton-Raphson) (see Figure 3.6). The modiﬁed N-R method can sometimes be faster,
because the stiﬀness matrix isn't recalculated every time, but this is not a general rule and
always depends on the particular case. In the cases considered here, after a few initial tests
the modiﬁed N-R seemed only to lead to slightly increased computing times, which is why
the option of full N-R was always used.
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Figure 3.6: Full (left) and Modiﬁed (right) Newton-Raphson Algorithms
Usually, a limit for the number of iterations can be set. If this limit is reached without
satisfying the convergence criteria, the load increment is divided into two smaller ones and
the process is tried again.
It is clear, that the user-set length of the load increments, especially of those around the
load at which buckling is expected to occur, will play an important role in the precision of
the buckling load determined. This eﬀect was studied and the results are presented further
in this document.
3.4 Mesh density
Naturally, one of the ﬁrst question that has arisen after encountering the problem was how
dense a mesh is necessary for the solution to be realistic enough. According to Steinmüller
[3], for the cylinder Z30 a mesh with 180x60 elements seems to be optimal when considering
computational costs and diﬀerence of results given by more detailed meshes.
Also, Steinmüller [3] says: At the clamped edges, extension is prevented and therefore
bending near the edge is the consequence. This causes radial displacement, which can lead to
a low buckling load. To avoid a larger than realistic inﬂuence of this, the minimum element
length must be 0, 5
√
Rt, where R is the radius of the cylinder and t is the laminate thickness.
This gives the following minimal element lengths for diﬀerent thicknesses:
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Laminate thickness Minimal element length Max. nr. of elements circumferentially
0.4 5.00 314
0.5 5.59 280
0.6 6.12 256
0.7 6.61 237
0.8 7.07 222
0.9 7.50 209
1 7.91 198
1.1 8.29 189
1.2 8.66 181
1.3 9.01 174
1.4 9.35 167
1.5 9.68 162
1.6 10.00 157
Table 3.1: Minimal element length to cylinder thickness
The studied cylinders normally have either 4 or 10 plies of 0.125 mm thickness. This
means an overall thickness of either 0.5 mm or 1.25 mm, for which we get maximal number
of elements of 280 or 180 respectively.
To see whether the results would behave similarly as in Steinmüller's thesis, simulations
were run for the Z26 cylinder while variating the mesh density. Note that Z26 is a 4-ply
cylinder with an overall thickness of 0.5 mm whereas Steinmüller did this for Z30, which is
10-ply and 1.25 mm thick.
Here are the results obtained:
# of elts circumferentially # of elts horizontally critical load [N]
270 90 43972.14
225 75 43980.27
180 60 42635.21
135 45 43031.37
90 30 41464.82
45 15 35219.32
30 10 52150.73
Figure 3.7: Results for diﬀerent mesh densities
This was calculated using the SOL 106 (non-linear static) solver, with 200 load increments
per 1 mm of load (length of one increment = 0.005 mm). It should be noted that, as conﬁrmed
later, 0.005 mm is quite a large step length and the results obtained with this setting can
behave unstably. In spite of that, this gives us at least a general idea about about how the
results behave - we can see that anything below 90x30 elements diverges signiﬁcantly from
the values calculated with higher number of elements. From this point of view, the 180x60
mesh seems like a reasonable choice. Meshes with higher density seem to aﬀect the result very
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little, on the other hand they have already have a very signiﬁcant eﬀect on time consumption
of the calculations.
3.4.1 Eﬀect of diﬀerent thicknesses
To see whether thickness could have any eﬀect on this, the same calculation was done for the
meshes 90x30, 135x45 and 180x60 while varying the ply thickness.
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Figure 3.8: Critical force against laminate thickness
On Figure 3.8 we can see the relation between the critical force in the range of thicknesses
0,5 - 1,5 mm. A curve created by the values calculated by the analytical solution was added
to allow additional comparison.
It can be seen that all of the three meshes behave quite similarly over diﬀerent thicknesses.
We can therefore assume, that when increasing thickness - at least in the range studied here,
it is not necessary to change the mesh.
What is interesting though is the factor between the force from the analytical and from
the FEM solution. Let's call it
ρ =
NFEM
Nanalytical
It can be seen that this factor has a falling tendency. This tendency is studied further,
as well as are discussed several possible reasons.
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Figure 3.9: NFEM over Nanalytical against laminate thickness
3.5 Nastran solution sequence 106 (Non-linear static)
SOL 106 is the Nastran's standard non-linear solver. It implements capabilities of calculating
with geometrical as well as material non-linearities. It contains the Newton-Raphson method
as well as the Arc-Length method of iterations. Only the Newton-Raphson method was used
here.
SOL 106 allows several parameters to be set for a load case. See Figure 3.10.
The Number of Load Increments is the number of increments processed in the load case.
The total load speciﬁed in the subcase minus the load speciﬁed in the preceding subcase is
equally divided by this integer to obtain the incremental load for the current subcase. This
was the parameter used to study the eﬀect of the lenght of a load step described further.
The Matrix Update Method speciﬁes the method of update of the stiﬀness matrix. Three
options are available - Automatic, Semi-Automatic and Controlled Iterations. With the
Automatic option, the program automatically determines when to reevaluate the stiﬀness
matrix based on the rate of convergence. At each iteration, the computing time for conver-
gence without the stiﬀness matrix update is estimated and compared with the computing
time for the matrix update in order to determine whether the update is more eﬃcient. This
decision is deferred in the ﬁrst two iterations after a new stiﬀness is obtained. If the solu-
tion tends to diverge, however, the update decision will be made eﬀective immediately. The
stiﬀness matrix will be updated upon convergence if the number of iterations required for
convergence is greater than "Number of Iterations per Update". The Semi-Automatic option
is identical to the Automatic option except for one additional stiﬀness update after the ﬁrst
iteration which always occurs unless the solution converges in a single iteration. With the
Controlled-Iterations option, the stiﬀness matrix is updated at every "Number of Iterations
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per Update" iterations.
The Allowable Iterations per Increment is an integer representing the number of itera-
tions allowed for each load increment. If the number of iterations reaches MAXITER without
convergence, the load increment is bisected and the analysis is repeated. The load increment
can only be bisected a limited number of times, the default being 5. This value can be
changed in the the bulk ﬁle through the MAXBIS parameter of the NLPARM entry. Also,
if a convergent solution is not found within MAXBIS bisections, the best attainable solution
is computed and the analysis is continued to the next load step. The allowable number of
solutions computed this way is controllable through the MAXDIV parameter [9].
Figure 3.10: Load increment parametres of SOL 106 - default setting
3.5.1 Load step length
It was found out, that the solution parameter with the biggest eﬀect on the determined
buckling load is the number of load increments per desired ﬁnal load, thus the length of a
load increment. Changing it's value can aﬀect the result even by tens of percent. That's why
it is important to know, at what value should the load length be set.
Because the lengths get very small and the analysis becomes very memory-demanding (sol
106 saves all solution steps to memory/scratch and only writes the output after ﬁnishing the
whole analysis) it is useful to divide the load steps into two parts. In the ﬁrst one, from zero
load up to a point where we're sure buckling won't yet occur and the cylinder is deformed
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more or less uniformly, we can set up only a few load steps, thus saving a lot of memory.
In the second part, where the density of load steps is important to accurately determine the
buckling force, we're then allowed to put a relatively high number of load steps, all depending
on the resources we have available.
For the results shown below, this is how the analysis was set up:
Z26
load range [mm] nr. of steps step length [mm]
0 - 0.48 5 0.096
0.48 - 0.53 as needed as needed
Z30
load range [mm] nr. of steps step length [mm]
0-1.5 5 0.3
1.5 - 1.8 as needed as needed
Table 3.2: Increment length study - load settings
With this settings, the step length of the second loading part was varied between 6E-5
and 8E-3. The following results were obtained:
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Figure 3.11: ρ against increment length - Z26 cylinder
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Figure 3.12: ρ against increment length - Z30_m cylinder
It is apparent that in both plots there exist a certain value, under which the results behave
almost strictly linearly. For both of the cylinders this is true for step length 7.5E-4 and lower,
despite their diﬀerent laminate properties (Z26 - 4 plies, buckling force ~40kN; Z30_m - 10
plies, buckling force ~350kN). Towards the other side from this value, the results seem to
behave unstably for the the cylinder Z26, which is not desired. The linear type of behaviour
(the one that can be observed for both cylinders) can probably be expected for all cylinders.
Although it should be veriﬁed on several other types of cylinders whether the limit of linear
behaviour doesn't lay in a signiﬁcantly diﬀerent position, it can probably be assumed that
if we choose step lengths around 5E-4 (the middle of the linear part of the curve), we will
probably get quite stable results.
3.5.2 Position of ﬁrst short load step
Because of the highly imperfection-sensitive behaviour of buckling, there was a concern,
whether the low number of load steps in the initial loading range can't signiﬁcantly aﬀect
the result. That's why, a series of analysis was carried out, where the step length in the 2nd
part was set to 5E-4 and the beginning of this 2nd part was varied. This was done for the
cylinders Z26, Z30_m and Z32_m. The following results were obtained:
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Figure 3.13: ρ against beginning of short step part - Z26 cylinder
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Figure 3.14: ρ against beginning of short step part - Z30_m cylinder
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Figure 3.15: ρ against beginning of short step part - Z32_m cylinder
In all the three cases, the graphs are done for 1, 5 and 20 steps in the ﬁrst (large step)
part (shown left to right, top to bottom).
These results are hard to interpret. It certainly seems that when the beginning of short
steps is put at a certain point and lower, the results tend to be more stable, than if it is put
too close to the buckling load. It's hard to anticipate where this point should be, though.
If we relate the position of this point to the displacement at which buckling occurs, we
can say that the stable behaviour occurs, if the beginning of short steps is put lower than at
approximately 58% of the buckling displacement for Z26, 80% for the Z30_m and 78% for
Z32_m.
If we use the analytical critical displacement ucrit, anal calculated in at the end of Chapter
2, we can then also relate the position of the beginning of the stable part of the behaviour
to this value, in order to be able to predict it in future cases. For the cylinder Z26, the stable
behaviour seems to occur for beginning of short steps at a load lower than approx. 80% of
ucrit, anal for Z26, 85% for Z30_m and 105% for Z32_m. It should be noted that there is a
signiﬁcant diﬀerence between the critical displacement obtained in by FEM analysis and by
the analytical solution - see Table 3.3.
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ucrit, anal [mm] ucrit, FEM [mm]
Z26 0.364 ~ 0.5
Z30_m 1.517 ~ 1.6
Z32_m 0.370 ~ 0.5
Table 3.3: analytical critical displacement vs. FEM critical displacement
Also, for the cylinder Z26 there seems to be a range between 0 and about 38 % of ucrit, FEM
where the behaviour is again unstable.
Based on these facts, it's hard to make any strong conclusions. From the data obtained,
it seems like the best advice would be to set the beginning of short steps at around 60% of
ucrit, anal, as this was the area of stable behaviour for all of the three cylinders and tested
load settings, but this certainly doesn't give a 100% guarantee. As for the cylinder Z32_m,
its very stable behaviour is probably connected to the fact, that its stacking was designed
to be pessimum between all of the 10-ply balanced laminated cylinders. I.e. it buckles
very easily. Also, there is an interesting diﬀerence between it's force-displacement curve and
curves for other cylinders. See Figure 3.16. Further studies on diﬀerent types of cylinders
should be performed in order to gain certainty and the eﬀect which cause stable/unstable
behaviour should be discussed.
Figure 3.16: Z32_m - load-displacement curve
3.5.3 Mesh type
Apart from the classical isomesh, where all of the elements are perfectly rectangular, all
sorts of irregular meshes can be created. Some of these were created and their eﬀect on the
buckling force was studied. The meshes that have been used can be seen on Figure 3.17.
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Figure 3.17: Mesh types
From left to right, top to bottom: isomesh, paver_8.7, paver_7, paver_5, paver_4
The paver_8.7 mesh is only slightly diﬀerent from the isomesh. The diﬀerence is that a
slight irregularity is brought in by setting the horizontal number of elements to 60 on one side
and 59 on the other. The paver_7 mesh has the horizontal number of elements 60 on one
side and the size of element on the other side set to 7 mm (the element size in the isomesh is
~8.7 mm). Paver_5 has this size set to 5 mm. Paver_4 has the element size in the middle of
the cylinders height 4 mm and these small elements also stretch all the way to the top and
bottom boundaries around an area deﬁned by a single horizontal line.
The analysis with these meshes was performed for the cylinder Z26 for a range of laminate
thicknesses from 0.5 to 1.6 mm. The load increments was set in the way that there were 5
increments from 0 to 70 % of ucrit, anal and after that, the number of increments was always
set so that the step length was 5E-4 mm. The highest load requested was set to 150 % of
ucrit, anal, so that the buckling load was always reached.
This gave the following results:
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Figure 3.18: ρ against laminate thickness, Z26, diﬀerent types of meshes
One can see that the slight irregularity in paver_87 doesn't have much eﬀect on the
buckling force. Paver_7 though already changes the buckling load by about 10 %. For
paver_5 and paver_4 the results are similar. This might suggest that after the irregularities
in the mesh reach a certain amount, this causes a rapid drop in the force calculated. It
might also have something to do with the shape of the irregularity, which is here in all cases
concentrated around one side of the cylinder. It would be interesting to see, if the eﬀect was
the same if we changed the size of elements in areas which would be regularly spread across
the cylinder's surface.
3.6 Nastran solution sequence 600 (implicit non-linear)
MSC Nastran Implicit Nonlinear (SOL 600) is an application module in the MSC Nastran
system that pairs the full features of MSC Nastran with the Marc solver to analyse a wide
variety of structural problems subjected to geometric and material nonlinearities, and contact.
It has been included in Nastran only several years ago, but, despite a few compatibility
issues, proves to be a relatively robust solver with a lot of useful settings.
See Figure 3.19 for the load increment parameters that can be set for a load case. The
Increment Type option can be set to Fixed, Adaptive or Arc-Length. The Fixed option
roughly corresponds to the behaviour of SOL 106. Here, Adaptive was used.
The Total Time tells the solver for how much time should the load step be considered.
This is normally set to 1. The Trial Time Step Size sets the load step length at which the next
solution is looked for. This is the main parameter that will be subject to studies further on.
If solution is found without problems with the initial Trial Time Step Size, the subsequent
solution is looked for at the previous time step size multiplied by the The Time Step Scale
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factor. This factor was always set to 1 in the analyses here, as it would be counterproductive
to increase the step size towards the point of snap-through. If a solution is not found using
the Trial Time Step Size, it is decreased and the process is repeat. A limit for this is set by
the Minimum Time Step option. Finally, the # of Steps of Output option allows us to have
only a certain number of solutions written out in the output ﬁle in order to save space if were
using a large number of steps. This was not used in our analyses because we were interested
in all of the calculated solutions around snap-through where the step size does have to be
considerably small.
Figure 3.19: Load increment parametres of SOL 600 - default setting
3.6.1 Load step length
A similar analysis as the one for sol 106 was done. The user-set length of the load increment
was varied for the Z26 cylinder. The load increments were again divided into two groups - 1st
group with 5 large steps followed by a 2nd group with dense stepping. This was done for
four positions of the beginning of the 2nd group - 0.20, 0.30, 0.40 and 0.45 mm. Let's remind
that the displacement at which buckling occurs is around 0.5 mm for the Z26 cylinder.
The results can be seen in the following ﬁgures.
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Figure 3.20: ρ to increment length - beginning of short steps at 0.45 mm
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Figure 3.21: ρ to increment length - beginning of short steps at 0.40 mm
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Figure 3.22: ρ to increment length - beginning of short steps at 0.30 mm
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Figure 3.23: ρ to increment length - beginning of short steps at 0.20 mm
If we compare these results for those obtained for the SOL 106 solver, it's visible on the
ﬁrst sight that SOL 600 has much more stable behaviour. In the results we can see that if
we decrease the step length, the buckling load also slightly decreases until we reach a value
of about 2.5E-3 mm, after which further decreasing of the step length doesn't seem to have
any eﬀect.
It is also apparent that it doesn't much matter at what point we start the short steps.
For all of the starting positions calculated we obtained circa the same results.
A brief conclusion from this would be that it is recommended to try to choose a step
length value slightly lower than 2.5E-3 mm, and - to save memory and execution time - to
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choose the starting point of short steps relatively close to the expected buckling load. For all
the cylinders considered in this thesis, that could be safely done for about 95 % of ucrit, anal.
3.6.2 Artiﬁcial damping
The sol 600 solver also possesses an option to add artiﬁcial damping to the model. If the
load step is decreased to below the user-speciﬁed minimum, the solver normally stops with
an error (exit number 3015), but if artiﬁcial damping is activated, the analysis is continued
with a smaller step. The solution is stabilized by adding a mass matrix to the stiﬀness matrix
and modifying the force vector consistently. This stabilization is turned oﬀ once the load
step increases above the minimum load step. The feature is in default settings on.
The critical parameter for this feature is the (artiﬁcial) mass density, also called the
damping ratio which is by default automatically selected by the program [10]. However, it
is possible to set the damping ratio manually. It has been known that by decreasing the
damping ratio, it is possible to achieve better post-buckling results.
Let's compare the results for diﬀerent damping ratios:
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Figure 3.24: Load - displacement curves for damping ratios 0.0002, 0.00005 and 0.00001
It can be deﬁnitely seen that the damping ratio does have an eﬀect on the post-buckling
part of the curve. It's hard to say which setting is the best, though. In any case, diﬀerent
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ratios have no eﬀect on the buckling force, which was in each case exactly 39406.574 N.
3.6.3 Thickness
For the sol 106 solver, the eﬀect of thickness on the FEM to analytical force ratio was
signiﬁcant. To ﬁnd out whether this is true also for sol 600, analysis was carried out for the
Z26 cylinder whilst varying it's thickness from 0.5 to 1.6 mm. There were always ﬁve load
steps up to the displacement of 120 % of ucrit, anal after which the load step length was always
1.8E-3 mm. This gave the following result:
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Figure 3.25: ρ against laminate thickness - sol 600
3.7 Comparison of sol 106 and sol 600
Both of the two solvers have certain advantages and disadvantages.
The advantage of the SOL 106 solver is that it has always been developed as a part of
Nastran, so it doesn't need to use a in-the-middle translator and therefore certain settings
and commands in the input ﬁle are easier and more straight-forward to deal with. An
advantage is also that it is possible to set up user-deﬁned groups of nodes and elements, and
choose to output analysis results only for these groups, which (for example in the case where
we're only interested in the force and the displacement on the top of the cylinder) may save a
lot of time while manipulating with the results. The solver is certainly capable of being used
for buckling analysis, but the results depend very strongly on the load step settings. Another
disadvantage is also the fact that the solver only outputs the results after the calculation of
all the load steps is ﬁnished. This can be unfortunate in the cases where the solver crashes
for some reason, because we don't get any results.
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The SOL 600, despite having been implemented into Nastran only several years ago, thus
needing an input translator and being slightly more diﬃcult to conﬁgure in certain aspects,
seems to be a much more robust tool. It's behaviour seems much more stable than that of SOL
106 and thanks to the artiﬁcial damping feature, it has no problems going into post-buckling
analysis. It's diﬀerence from the analytical solution seems to be less thickness-dependant
than that of SOL 106.
One advantage is also the fact that SOL 600 outputs results already during the analysis.
Unfortunately, no option to choose results only for certain groups of nodes or elements was
found.
Unfortunately, only at the end of writing this thesis, the option of setting the material
directions in the model for SOL 600 was found. Beforehand, it was thought thought that
this is perhaps not possible for laminated materials or that there was some sort of error in
the Nastran -> Marc translator. Therefore, only regular isomesh meshes were used for all
the calculations in this work. However, it seems that there indeed is this option for SOL 600
[10] page 169. Although this wasn't veriﬁed due to lack of time, it would be a very good
message, because it would allow the use if irregular meshes, thus for example the study of
the eﬀect of imperfections or holes on the buckling load.
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Figure 3.26: Comparison of SOL 106 and SOL 600 results
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Chapter 4
Conclusion
Buckling analysis still proves to be a very particular problem of analysis in mechanics. The
fact that it is very imperfection sensitive and that big changes in displacement occur so
rapidly during a very small change in load makes it a challenge for numerical methods.
Analytical approach is not easy either, but given a simple enough geometry and knowing the
approximate shapes of the buckling modes, it can be with relatively satisfactory results.
When it comes to the particular analytical solution described in this thesis, it can be
very useful especially for quick estimations of the buckling force. The solution, once a simple
program exists, is very quick (in order of seconds) and can provide a valuable result. However,
the nature of the solution doesn't permit to take into account any imperfections to the
geometry or load. Also, the solution has been derived for a simply supported model, whereas
in practice and in FEM, the top and the bottom of the cylinder are always clamped, which
may be the cause for diﬀerences, which may be non-consistent. These may be considered as
disadvantages. It would certainly be helpful to ﬁnd a suitable solution also for the clamped
support.
As for the Nastran software, it certainly seems to prove to be a useful tool for buckling
analysis. The SOL 106 seems usable, but not very robust and stable. If the SOL 600 would
prove to be able to work with all shapes of elements with the laminate material (which,
unfortunately, couldn't be veriﬁed), it would be surely a powerful tool, maybe even with
comparable capabilities to Abaqus, having been used so far. However, further calculations
and expertise would need to prove this.
Hopefully this work has brought some insight on the properties and possible settings of
the two solvers, so further explorations will be easier to do.
Also, for further studies like this, it might prove to be advantageous to write a bash script
or a simple program in order to automatically analyse the results, without having to run
them through the Patran post-processor each time. This could with absolute certainty be
done for SOL 106 where the output is a text ﬁle, but also probably for SOL 600.
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One thing that strikes the eye in the results obtained, is the changing diﬀerence between
the analytical ant FEM solutions in relation to laminate thickness. Some of the reasons that
may cause this are: 1) Use of only shallow shell theory in the analytical solution. [4] could
be used to calculate the deep shell solution and compare the results. 2) Simple support
boundary conditions in the analytical solution. 3) Other reasons. It would be interesting to
compare the results for varying thicknesses with results from other FEM software and also
from tests on real specimen.
As it is apparent, buckling analysis of laminated composite cylinders is a very complex
subject. With some chance, this work has maybe helped to put some more light on a small
part of it.
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